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WEAKLY REPELLING FIXPOINTS AND THE CONNECTIVITY
OF WANDERING DOMAINS

WALTER BERGWEILER AND NORBERT TERGLANE

ABSTRACT. It is proved that if a transcendental meromorphic function f has
a multiply-connected wandering domain, then f has a fixpoint zg such that
|f'(z0)| > 1 or f'(20) = 1. Entire functions with a multiply-connected wander-
ing domain have infinitely many such fixpoints. These results are used to show
that solutions of certain differential equations do not have wandering domains
at all.

1. INTRODUCTION AND RESULTS

Let f be a meromorphic function defined in the complex plane C or on the
Riemann sphere C=cCu {oo}. In the latter case, f is rational, and we shall always
assume that the degree of f is at least two. In the first case, we shall always assume
that f is transcendental.

The Fatou set F' is the subset of C where the iterates f™ of f are defined and
form a normal family. The complement of F' is called the Julia set and denoted
by J. If U is a component of F, then f™(U) is contained in some component of F’
which we denote by U,,. If U, NU,, = 0 for all n # m, then U is called wandering.

Sullivan [38, 39] proved that rational functions do not have wandering domains.
Transcendental entire or meromorphic functions, however, may have wandering
domains, see [2, 3, 4, 8, 18, 26, 39]. Some examples of wandering domains are
simply-connected, like those in [18, 26, 39], while others are multiply-connected,
compare [2, 4, 8]. On the other hand, several classes of transcendental entire and
meromorphic functions which do not have wandering domains are known [3, 10, 13,
14, 17, 20, 23, 35].

Following Shishikura [34] we call a fixpoint zy of a meromorphic function f weakly
repelling if |f'(z0)] > 1 or f'(20) = 1, with a slight modification if zp = co (which
can happen only for rational f). It is classical, see [21, I, p. 168] and [29, p. 85, p.
243], that a rational function of degree greater than one has at least one weakly re-
pelling fixpoint. Shishikura [34], sharpening earlier results of Przytycki [32], proved
that if a rational function has only one weakly repelling fixpoint, then its Julia set is
connected, that is, all components of the Fatou set are simply-connected. Because
of Sullivan’s theorem [38, 39], Shishikura needed not to consider wandering domains
but proved his result by considering the various types of preperiodic components
of the Fatou set.
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In this paper, we shall show that Shishikura’s method may also be used to obtain
results for wandering domains.

Theorem 1. Let f be a transcendental meromorphic function and suppose that
f has a multiply-connected wandering domain. Then f has at least one weakly
repelling fixpoint.

For entire functions, we have a stronger result.

Theorem 2. Let f be a transcendental entire function and suppose that f has a
multiply-connected wandering domain. Then f has infinitely many weakly repelling
fixpoints.

Our results can be used to show that certain classes of meromorphic functions do
not have wandering domains at all. Let R be the class of all meromorphic functions
f which satisfy one of the following differential equations:

(1) F'(2) = a(2)(f(2) = 2)7,

(2) f'(z) = a(2)(f(2) = 2)(f(2) — 0),

3) F'(2)* = q(2)(f(2) = 2)*(f(2) — o),

(4) F1(2)? = a(2)(£(2) = 2)*(f(2) = 0)(f(2) = 7).

Here g is a rational function and o, 7 € C.
Theorem 3. Suppose f € R. Then f does not have wandering domains.

We note that the differential equations of the form f'(2)"™ = Q(z, f(z)), where Q
is rational in z and f(z), which admit transcendental meromorphic solutions have
been classified by Steinmetz [36, p. 25], see also Bank and Kaufman [11] and Jank
and Volkmann ([27], [28, §18]). If ¢ is a polynomial, then every solution of (1) and
(2) is meromorphic, see for example [28, Satz 20.2]. Of course, the solutions of (2)
can be given explicitly. In fact, the substitution g(z) = 1/(f(z) — o) transforms
(2) into a linear differential equation for g. If ¢ has the form ¢(z) = p(z)? for some
polynomial p, then every solution of (3) and (4) is meromorphic, compare [28, Satz
20.3]. The same substitution as above transforms (4) into a differential equation for
¢ which is similar to (3) in the sense that the right hand side is a cubic polynomial
ing.

We remark that the class R is of some interest in connection with Newton’s
method of finding the zeros of an entire or meromorphic function. In fact, if
g satisfies the differential equation ¢”(z) = ¢(z)g(z), then the Newton iteration
function f(z) = z — g(2)/g’(z) satisfies (1). Thus Newton’s method for solutions
of such differential equations does not lead to wandering domains. For exam-
ple, by choosing g(z) equal to sinz or cosz, we find that z — tanz and z + cot z
do not have wandering domains. Similarly, if g satisfies the differential equation
§"(2)+q(z)(z—0)g'(2)—q(2)g(z) = 0, then f(z) = z—g(2)/g'(2) satisfies (2). Func-
tions satisfying (3) and (4) also occur as Newton iteration functions for solutions
of certain differential equations.

Finally, we mention that rational functions are clearly in R so that Theorem 3
may be viewed as a generalization of Sullivan’s theorem. In the proof, however, we
shall restrict ourselves to the case that f is transcendental.
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As an introduction to iteration theory, we recommend Beardon’s [12] and Stein-
metz’s [37] book and Milnor’s [30] lecture notes for rational functions and the survey
articles of Baker [5] and Eremenko and Lyubich [19] for transcendental entire (as
well as rational) functions. The iteration theory of transcendental meromorphic
functions is surveyed in [15]. The classical references are Fatou [21] and Julia [29]
for rational and Fatou [22] for transcendental entire functions.

Acknowledgment. We would like to thank Hartje Kriete for drawing our attention
to Shishikura’s work and for some useful discussions on the topics of this paper.

2. LEMMAS

Lemma 1 (Shishikura [34, Theorem 2.1 and Corollary 2.2]). Let V, V1 be simply
connected open sets in C with Vi # C, and f an analytic mapping from a neighbor-
hood N of C\Vy to C such that f(OVy) = 0V4 and f(Vo N N) C V4. Suppose that
for some k > 1, f7(Vy) are defined and
FV)nNVe=0 (0<j<k-—1),

and one of the following (a) or (b) holds:

(a) k= oo, i.e. foranyj >0, fI(Vi)NVy=0;

(b) fE1(v1) C V.
Then f has a weakly repelling fizpoint in @\VO

Lemma 2. Let v be a simple closed curve in C and let f be a function satisfying
(i) f is meromorphic in int(7y),
(i) int(7y) contains a pole of f,

(iii) f(7) C ext(y), A
(iv) oo and «y are in the same component of C\ f(7).

Then int(y) contains a weakly repelling fizpoint of f.
Here int(y) and ext(+y) denote the interior and exterior of the curve 7.

Lemma 3. Let v be a simple closed curve in C and let f be a function satisfying
conditions (i) - (iii) of Lemma 2. Instead of (iv), suppose that oo and ~y are in
different components of C\f(y). Furthermore, suppose that f(v) contains a simple
closed curve o with the following properties:

(i) v C int(0),

(i1) f is meromorphic in int(o),

(iii) f(o) C ext(o).
Then int(c) contains a weakly repelling fixpoint of f.

Lemma 4. Suppose that there are simply-connected domains Vo, V1 and that there
is a function f meromorphic in a neighborhood N of C\VO such that
(i) f(OVo) = OV4,
(ii) fF(NNVO) C VA,
(iii) oo € Vp,
(iv) Vi € C\Vp,
(v) f has a pole in C\Vp,
) there exists a neighborhood N' of OVy such that f™|n: is defined for all n and
that f™(N')N f*(N') =0 for m # n.

(vi
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Suppose also f does not have a weakly repelling fixpoint in C\Vo Then there exist
Vg, Vi satisfying Vo C V such that the above hypotheses are satisfied with Vo, Vi
replaced by Vi, V{. Moreover, there exists m > 1 such that if ¢ > 0 is given, then
OVy C N(f™(0Vy)) can be achieved by a suitable choice of V.

Here, for £ > 0 and S C C, N:(S) denotes the e-neighborhood of S, that is, the
set of all z € C whose spherical distance to S is less than e.

Lemmas 2, 3, and 4 can be deduced from Lemma 1. This will be done in the
next section.

3. PROOFS OF THE LEMMAS

3.1. Proof of Lemma 2. By hypothesis, there exists a simple closed curve o
satisfying oo € ext(c), int(y) C ext(o), and f(vy) C int(o) such that o does not
contain critical values of f. Define Vi = int(o) and let G C int(v) be a component
of f~1(C\V1) and V; be the component of C\@ that contains co. One can check
that the hypotheses of Lemma 1 are satisfied (case (b) with k = 1). Hence f has a
weakly repelling fixpoint zg € G C int(7y).

3.2. Proof of Lemma 3. First we note that o C f(v) C f(int(o)). Because
f(o) C ext(o) by hypothesis and because df(int(c)) C f(o), we deduce int(c) C
f(int(c)). Hence we can find a simple closed curve 7 C f(int(o)) which does not
contain critical values of f such that

int(o) C int(7) C f(int(o)).

Hence there exists a component G of f~!(int(7)) satisfying G C int(c). It is easy
to check that the hypotheses of Lemma 1 are satisfied (case (b) with k = 1) if we
choose V; as the component of C\G that contains co and V; = ext(r) U {co}. As
in the proof of Lemma 2 this gives the existence of a weakly repelling fixpoint in
int(o).

3.3. Proof of Lemma 4. If all f7(V;) are defined and contained in C\Vp, then
Lemma 1, case (a), shows that there is a weakly repelling fixpoint in C\Vp, a
contradiction.

Hence there exists k > 2 such that f*~1(V;) ¢ C\Vo. (If f*(V41) is not defined,
then oo € f*~1(V1) so that f~ (V1) ¢ C\V.)

If 9f*=1(V4) C Vo, then either

() FE1) € Vo
or
(8) FE2(Vi) € C\Vp € f* 1 (Wh).

In case («), Lemma 1, case (b), yields the existence of a weakly repelling fixpoint
in C\V;, a contradiction.

In case () let H be a component of f~1(C\Vy) satisfying H C f5¥=2(V4). (Note
that f(f*2(V1)) = fF=1(vi) > C\Vp.) Let Wy be the component of C\H that
contains co and let Wp = V. Then W, and W; satisfy the hypotheses of Lemma
1 case (b), with k& = 1; again we obtain the existence of a weakly repelling fixpoint
in C\W, c C\p, a contradiction.
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Hence we may assume that
afFt(n) c C\h.
Together with
1) ¢ C\
this implies that oo € f¥~1(V4) so that f¥~2(V4) contains a pole.

If 0f%2(V;) and oo are in the same component of C\@f*~1(V;) while at the
same time 8f%~1(V}) and oo are in the same component of C\f*~2(V}), one can
find a curve v in 9 f*~2(V;) which satisfies the hypotheses of Lemma 2. This implies
the existence of a weakly repelling fixpoint in int () c C\Vj.

There remain two possibilities:

(I) &f¥=2(V;) and oo are in the same component of C\@f*~1(V7), but

Af*=1(V1) and oo are in different components of C\Af*~2(V;);
(I1) 8f%2(V1) and oo are in different components of C\&f*~1(V1), but
df*=1(V1) and oo are in the same component of C\@f*~2(V7).

In case (I), we choose a simple closed curve ¢ contained in a bounded component
of C\AfF~2(V}) with the property that df*~1(V1) C int(c) and such that o does
not contain critical values of f. We note that if 6 > 0 is given, then we may achieve
o C Ns(0fF=1(V1)). Here we choose ¢ so small that Ns(0f*=1(V1)) C fE(N').
We define V{ = int(c) and denote by H a component of f~(C\V/) contained in
f*=2(V1). Next we define V{ to be the component of C\H that contains cc.

It can be checked that Vj and V{ have the properties stated in the lemma. In
fact, the only property that is not obvious is that Vl’ C C\Vd But otherwise we
would have V/ C V{, and hence a weakly repelling fixpoint in @\Vd c C\g by
Lemma 1, case (b), k = 1.

In case (IT), we choose a simple closed curve o such that o € C\Vp, df*~1(V}) C
int(c), and o C Ns(0f*=1(V1)) C f*¥(N'). We consider two subcases:

(Ila) f(o) C int(o0),

(ITb) f(o) ¢ int(o).

In case (ITa), we choose a simple closed curve ¢’ containing no critical values of f
such that ¢’ C int(0), f(o) C int(¢’), and o' C N.(f(o)) C f*1(N’). We define

V{ = int(¢”), and denote by H a component of f~1(C\V{) contained in int(c), and
define Vj to be the component of C\H that contains co. As in case (I), we can
check that Vj and V{ have the desired properties.

In case (IIb), we conclude as in the proofs of Lemmas 2 and 3 that there is a

weakly repelling fixpoint in int(o) C C\VO, contradicting the hypothesis.
4. PROOFS OF THE THEOREMS

4.1. Proof of Theorem 1. Suppose that f has a multiply-connected wandering
domain U. In view of a theorem of Baker [6, Theorem 1], f is either entire or
satisfies Assumption A of [7], that is, O~ (c0) = U, ., f~"(c0) is infinite. Because
we shall obtain a stronger conclusion for entire f in Theorem 2, we consider only
the latter case.

As proved by Baker, Kotus, and Lii [7, Lemma 1], we have J = O~ (c0). We
choose a simple closed curve 7 in U such that J Nint(y) # . We may assume that
int(y) contains a pole of f. Because otherwise, since J = O~ (00), there exists a
minimal n > 1 such that f"(int(7y)) contains a pole of f. Therefore f™(vy) contains
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a simple closed curve o such that f has a pole in int(o). Clearly, o is also contained
in a wandering domain and we may replace v by o.

If v satisfies the hypotheses of Lemma 2 or 3, then we are done. Otherwise,
we have f(v) C int(y) or there exists a simple closed curve o C f(v) such that
f(o) C int(o). Without loss of generality we may assume that f(v) C int(y).

We now suppose that int(y) does not contain a weakly repelling fixpoint and
seek a contradiction.

We choose a simple closed curve o C int(y) such that f(y) C int(o). Moreover,
we assume that o C Ng(f(y)) where 6 > 0 is chosen so small that o is contained
in the component of F' that contains f(7).

Let H = ext(o) U {oo} and let G be a component of f~1(H) which is contained
in int(y). We define Vi = int(c) and denote by Vj the component of C\G that
contains oo.

If Vi C Vo, then Lemma 1 (case (b), k = 1) yields the existence of a weakly
repelling fixpoint in (C\VO, a contradiction. Hence we may assume that Vic (C\VO
Then the hypotheses of Lemma 4 are satisfied. We choose V0 1( ) as in the
conclusion of Lemma 4, that is:

V(l) Vl( ) are simply-connected domains with Vg C Vo(l) nd
() V) =ovY,
(ii) f(NN Vo(l)) C V( ) for some neighborhood N of (C\V
(iii) oo 6 VO ),
) v c eV,
(v) f has a pole in (C\VO ,
m n : 1
(vi) f™(N')N f*(N') = 0 for m # n and some neighborhood N’ of 8VO( ),

(iv

Moreover, C\Vo(l) does not contain a weakly repelling fixpoint and

Fvgt)y =ov® c v c e\

Iterating this procedure, we obtain a sequence (Vo(k)) satisfying Vo(k) - Vo(k_l)

with the above properties.

Given ¢ > 0, we may achieve (’“)Vo(k) C N:(f™*(v)) for some sequence (my).
Denote by diam() the spherical diameter of a subset S of C. Since limit functions
of iterates in wandering domains are constant ([9, Lemma 2.1], [21, II, p. 55]),
diam(f™*(v)) — 0 as k — oco. Hence diam((?VO(k)) < 3e for sufficiently large k.

Since @\Vo(k) contains one of the poles of f in C\Vp, we can achieve f (8V0(k)) C
Ns(o00) for any given § > 0 by choosing k large and € small. On the other hand,

FEVE) c VP c C\h.
Clearly, this is a contradiction if ¢ is sufficiently small.

4.2. Proof of Theorem 2. Suppose that f has a multiply-connected wandering
domain U, let v be a simple closed curve in U which is not nullhomotopic in U and
define T',, = f™(y). Since U is multiply-connected, f"|y — oo as n — oco. By a
theorem of Baker [3, Theorem 3.1], 0 € int(T',,) for sufficiently large n. Denote by
lg(Ty, G) the length of T',, with respect to the hyperbolic metric of a hyperbolic
domain G containing I';,.
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Define Q2 = C\{0,1}. Clearly,
(5) ln (va Q) <ly (Fna Un) < ZH('% U)
if n is chosen so large that {0,1} N U, = 0. It is well-known that there exists a

positive constant ¢ such that the hyperbolic metric function pa(z) satisfies

c

(6) pa(z) > m

for sufficiently large z, compare [1, §1.8]. From (5) and (6) we can deduce that
there exists K > 1 such that

(7) T, C ann(r,, )

for some sequence (r,,) tending to oco. (Here ann(r, R) denotes the annulus around
0 with radii » and R.) For sufficiently large n, there exist simple closed curves
~n C I'y, such that 0 € int(vy,,). Combining this with (5), (6), and (7) we also find
that the euclidian length Ig(y,) of ~, satisfies

lg(mwm) <lp(ly) = O(Tvlf logry)
as n — o0o. We also note that
1/K
win F2) > rues > (max )] > M Y5
ZE€Yn ZE€Yn

and hence

(8) Helinlf(Z)—ZlZM(Tn,f)l/K—TffZTff“

ZEYn
for sufficiently large n. (Here M (r, f) denotes the maximum modulus of the func-
tion f on the circle of radius r around 0.) It is a simple consequence of (8) and
Nevanlinna’s first fundamental theorem [25, 28, 31] that f has infinitely many fix-

points. We denote them by z1, z9,.... Then
1 dz 1
o LSy ()
2mi /., f(z)—=z ey f(z)—=z

by the residue theorem. (Here Res(g(z),a) denotes the residue of the function g at
the point a.) If z; is not weakly repelling, then

(e (o)) e () b

On the other hand,

1 dz

as m — 00.

Combining (9), (10), and (11) we deduce that f has not only infinitely many
fixpoints, but in fact infinitely many weakly repelling fixpoints. Similar arguments
were used in [21, I, p. 168], [29, p. 85, p. 243], and [40, p. 532].

(11)

< e 7 0 () o

T 2rmine,, |f Tn
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4.3. Proof of Theorem 3 for functions satisfying (1). We restrict ourselves
to the case that f is transcendental. It follows from (1) that the zeros of f’ have
multiplicity 2 and are fixpoints of f, with at most finitely many exceptions. In
particular, all but finitely many critical points of f are superattracting fixpoints.
Similarly, all but finitely many fixpoints of f are double zeros of f’ and hence su-
perattracting fixpoints. In particular, f has at most finitely many weakly repelling
fixpoints.

Next we note that f has finite order [28, Satz 22.4, (i)]. To determine the order
of f, which we denote by p(f), we define h(z) = f(z) — 2. Clearly, p(h) = p(f) and
h' = gh? — 1. Suppose that ¢(z) ~ az? as z — oo where d € Z and a € C\{0}.
From [28, Satz 22.4, (ii)] we deduce that if ¢ is a polynomial, then p(h) = 1+ %.
Hence p(f) = 1+ % where d > 0 in this case. The argument used in [28] shows that
if ¢ is rational, then we have at least p(f) = p(h) <1+ % and d > —1.

We also note that [28, Satz 24.1] implies that h has infinitely many zeros, that
is, f has infinitely many fixpoints.

Now we show that f does not have asymptotic values. Suppose to the contrary
that f(z) — a € C as z — oo along some curve 7. Then f/(z) ~ az?*? as z — oo
on v by (1). On the other hand, by a result of Gundersen [24, Corollary 2], there
exist for any ¢ > 0 arbitrarily large r such that | f'(z)/f(2)| < r?)=1+¢ for |z| = r.
Hence | f'(2)| < (o] + 0(1))]z|?F)=1*¢ for arbitrarily large z in v. We deduce that
d+2 < p(f)—1+¢, that is, p(f) > d+ 3 —e. Clearly, this contradicts the previous
findings that p(f) <1+ %l and d > —1 if ¢ is sufficiently small.

Suppose now that U is a wandering domain of f. Since f does not have as-
ymptotic values and since all but finitely many critical values are superattracting
fixpoints, there exists m such that Uy does not contain critical or asymptotic values
of f for k > m.

First we suppose that there exists n > m such that U,, is multiply-connected.
Then f cannot be entire by Theorem 2.

Let v be a simple closed curve in U,, which is not nullhomotopic in U,. Then
f*¥(v) is not nullhomotopic in U, for k > 1 because the singularities of f~1 are
the critical and asymptotic values of f so that U; does not contain such singularities
for j > n.

As in the proof of Theorem 1 we deduce that there exists a sequence (ny) tending
to oo with the property that f™+ () contains a simple closed curve 7, whose interior
contains a pole p, and a weakly repelling fixpoint zx. If 0 ¢ int(yg) for all large
k, then the spherical distance from pj to zx tends to zero because diam(y) — 0
as k — oo. Hence infinitely many of the zj; are distinct so that f has infinitely
many weakly repelling fixpoints, a contradiction. But if there are arbitrarily large
k with 0 € int(v), then C = |J, int(yx) because diam(y;) — 0 as k — co. Hence
all components of F' are bounded. In particular, the immediate basins of attraction
of the infinitely many superattracting fixpoints are bounded. By a classical result
of Fatou [21, II, p. 81], each of these immediate basins of attraction contains a
weakly repelling fixpoint in its boundary. (Fatou proved this for rational functions
and Bhattacharyya [16] extended this to transcendental entire functions. Their ar-
gument remains valid for transcendental meromorphic functions.) Again, infinitely
many of these weakly repelling fixpoints are distinct, a contradiction.

Hence we may now assume that Uy is simply-connected for all £ > m. This
allows us to use the quasiconformal methods introduced by Sullivan [38, 39]. We
sketch the argument only briefly.
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We consider K-quasiconformal self-maps ® of the sphere that fix 0, 1, and oo
such that fo = ® o f o ®~! is meromorphic. Since the fixpoints of f correspond
to the double zeros of f’, with at most finitely many exceptions, the same is true
for fe. From (1) we can deduce that all but finitely many poles of f are simple.
Again, the same is true for f. We conclude that f}(z)/(fs(2)—z)? has only finitely
many zeros and poles, in fact, as many as ¢ has. Also, by the Holder continuity of
® at co, we have |®(2)| = O(]z|¥) and |[®71(2)| = O(|]z|¥) as z — oco. It is not
difficult to see that this implies that p(fs) < Kp(f). It follows that the order of
I5(2)/(fo(z) — 2)* is at most Kp(f). Altogether we see that

% = o (2)eP*)

for some rational function g¢ of the same degree as ¢ and some polynomial pg of
degree at most Kp(f). Thus the family of all such functions fs depends on only
finitely many parameters. This contradicts the existence of a wandering domain
with the properties described above, see [3, 10, 12] for details.

4.4. Proof of Theorem 3 for functions satisfying (2), (3) or (4). The idea of
the proof is the same as for functions satisfying (1) and most arguments go through
with only minor modifications. For example, we now have that the critical points
of f correspond to the fixpoints, o-points, and 7-points of f, with finitely many
exceptions. Thus we find that the critical points of fg correspond to the fixpoints,
®(0)-points, and ®(7)-points of fp, with finitely many exceptions. Again, the
family of all such functions fs depends on only finitely many parameters.

There are only two arguments that do not carry over, namely the ones used to
show that f has no asymptotic values and infinitely many fixpoints.

We note, however, that it suffices to show that f has only finitely many asymp-
totic values.

If f satisfies (2), then this follows from the Denjoy-Carleman-Ahlfors theorem
[31, p. 307] because nonconstant solutions of (2) have finite order and do not take
the value o.

We now show that f has only finitely many asymptotic values if f satisfies (3)
or (4). In fact, we shall show that if & € C\{o, 7}, then « is not an asymptotic
value of f.

Suppose again that g(z) ~ az® as z — oo. It follows from (3) or (4), and by
taking logarithmic derivatives there, that there exist positive constants R, 7, c1, ¢,
and c3 with the following properties: if |z| > R and |f(z) — | <, then

d

(12) a1z < | f'(2)] < ealz|?
and

f"(z) d
(13) 70 < cslz|?F2.

It follows from (12) that there exists a positive constant § < 1/2cs such that if zg is
sufficiently large and if | f (z0) —a| < 1/2, then |f(z)—a| < n for |z —2q| < §|z0| 7772,
Thus (12) and (13) hold for |z — zq| < 8]20| 472 if | f(20) — @] < 1/2. From (13) we
deduce that if 0 < v < §, then
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f'(z) /Z f'(t) ‘ d+2
log = dt| < (14 o0(1))c3l|zo z — 20| < 27¢3
Jou 75| = |, gy < -+ ot
for |z — 20| < ¥|20|7%2 and sufficiently large zo satisfying |f(z0) — a| < n/2. We
choose v < 7/4cz and define r = |zp|~¥2. Then
f'(2)

ar

‘ e
for |z — 29| < r. Thus the values of f’(2) in |z — z¢| < r are contained in a half-plane

which implies that f(z) is univalent in |z—zo| < r. Therefore the function h defined
by

™

2

h(w) = f(z0 + rw) — f(20)
is univalent in the unit disc. Since |h'(0)] = r|f'(20)| > rc1]20|7972 = ve1 we
obtain from Koebe’s distortion theorem |h(w)| > 2vc¢1/9 for |w| = 1/2. Thus
|7 (z) = f(z0)] = 2ve1/9 for |z — 29| = r/2. We deduce that « cannot be an
asymptotic value.

We note that the above arguments can also be used to show that if f satisfies (2)
and « # o, then « is not an asymptotic value of f. It also yields that if f satisfies
(1), then f does not have asymptotic values at all. The arguments used above for
the cases (1) and (2) are, however, much shorter (although less elementary).

It remains to prove that nonconstant solutions of (2), (3), and (4) have infinitely
many fixpoints. In case (2) this follows from [28, Satz 24.1] as in case (1). To
prove that f has infinitely many fixpoints if f satisfies (3) or (4) we define g(z) =
1/(f(2) — z). In case (3) we have

g(z) 9@ e 1 ( 1 )
+ =f(2)=9q@) | ——+2z—0

o7 g T T e (e

As in [28, p. 230] we write this differential equation in the form

9'(z) _g'()°

1 1
0 o+ (o)
and deduce that if |g(z)| > 1, then

1-2

(14) g9(z) =2

gG)|, |90)
o) < 2| 2 |2 e el - ho 1),
Hence
(6] + z o + M og |z
" [g(2)] < 210g" |22+ Oog )

as z — oo. Using the standard terminology of Nevanlinna theory [25, 28, 31] we

obtain
!

m(r, g) < 2m (n %) +O(log 7).

Thus m(r,g) = S(r,g) by the lemma on the logarithmic derivative. Nevanlinna’s
first fundamental theorem now implies that N(r,g) ~ T(r, g). In particular, g has
infinitely many poles, that is, f has infinitely many fixpoints. We remark that the
fact that transcendental meromorphic solutions of (14) have infinitely many poles
can also be proved using Wiman-Valiron theory (see [28, §21]).

The case that f satisfies (4) is analogous.
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